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It is noted here, that the other two boundary conditions at r
= 0 are of the form

Table 1 Comparison of nondimensional frequency (X) values

Lt (r Wrr+n2Wr)=0 or W r=0
' '

Lt (r <t>2

rr- — Wr)=0 or W=0
'

(2a)

(2b)

Simplifying Eq. (2b) by introducing the result from Eq. (3a)
following and using L'Hospital's rule, the boundary con-
ditions reduce to

W^r=0 or W>r=0

W>rr(l-<t>2)=0 or W

(3a)

(3b)

For the axisymmetric problem which is considered here,
Eq. (3a) is automatically satisfied. From Eq. (3b), since
0, it is noted that the only boundary condition left is

(l-<t>2)W>rr=0 at r = (4)

and that is satisfied automatically for the isotropic case.
Since at r = 0, Wyrr*Q, Eq. (4) is satisfied only if <£2 = 1 at

the origin. In fact the concept of polar orthotropy cannot be
strictly enforced up to the origin which is a singular point. A
satisfactory physical explanation is that the radial fibers con-
verging to a point cannot have any cross-sectional area of its
own at that point thus leading to isotropic behavior at the
origin. It is believed here that this violation of boundary con-
dition leads to erroneous results in certain formulations where
differential equations of equilibrium are dealt with as in the
case of Galerkin method, but are probably eliminated while
dealing with energies in the average sense as in the Lagran-
gian approach.

III. Examples and Results
The present problem is solved using one term and two term

mode-shapes using both the Lagrangian and Galerkin
methods, and the results are compared with those available in
the literature. The assumed mode shapes are.

Present investigation
Lagragian method Galerkin method

One term Two term One term Two term
Ref. 1 Ref. 3

0
1
4
9

8.95
10.33
13.66
17.89

8.42
10.22
13.47
16.69

10.96
10.33
8.16
0

11.05
10.22
7.56
0

7.16 10.61
10.22 9.8
13.29 7.25
16.37 0

obtained by the Lagrangian and Galerkin approaches for an
assumed mode shape W=Aj(\ -4(r3/a3) + 3(r4/a4)) were
identical, and the resulting frequency is X2 = 18(6 + < / > 2 ) .

IV. Conclusions
The Galerkin and Lagrangian methods of solution give

identical results provided the assumed mode-shape satisfies all
the boundary conditions obtained from the variational prin-
ciple. The present analysis shows that the singularity at the
origin due to the assumption of general orthotropy, </> 2 5*l ,
could have considerable effect on the results in certain ap-
proaches, giving qualitatively erroneous results. However, the
Lagrangian approach shows to preserve the behavior
qualitatively and gives reasonably good quantitative results as
shown here. This is true even though the assumed mode-shape
does not satisfy all the boundary conditions arising from the
variational principle. It is also expected that in the bending,
buckling, and the large deflection analysis of orthotropic cir-
cular plates, the Galerkin method will lead to results which are
in error qualitatively.
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and Effects of Atomic Oxygen
on Graphite Ablation

These mode-shapes satisfy the boundary conditions given
by Eqs. (1) and (3a) and do not satisfy Eq. (4) except when 02

= 1. The results of the present analysis are tabulated in Table
1. When <t>2 — 1 (isotropic case), the Galerkin and Lagrangian
solutions are identical, as is to be expected because all the
boundary conditions are satisfied. The two-term solution in
this case is X= 10.22, and this compares excellently with the
value of X = 10.2158 as given in Ref. 4. However, in the
Galerkin method, the frequency decrease with increase in the
value of </>2 like those given in Ref. 3. The two-term solution
with the Lagrangian approach gives good agreement with
those in Ref. 1. The frequency equation for this case is

7272
\4 - (1704 + —— <f>2)\2 + (115920

+ 74592 <t>2 +3024 <l>4)=0

To test the argument that it is the nonsatisfaction of Eq. (4)
that leads to these erroneous results, a hypothetical problem
where the plate is constrained to have W>rr = 0 at the origin
was examined. Equation (4) is now satisfied, and the solutions
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M ETZER et al. ! derived a semiempirical formula to
describe the observed ablation rates of commercial

grade (i.e., isotropic) graphites in the form

'/2 = 1.19xl06e-22>140/T»{30.5/R + 4.

where m, R, /?, and Tw are mass loss rate in gem ~2 sec ~ ! ,
nose radius in cm, stagnation-point pressure in atm, and wall
temperature in K, respectively. The purpose of the present
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Note is to point out that the formula is inapplicable to low-
density flows containing dissociated oxygen. In the low-
density regimes, the following chemical reactions occur at the
surface:2'8 1) C(c) + O2-CO + O- 1.40 eV (endothermic)
with reaction probability e / ; 2) C(c) + 0— CO + 3.76 eV
(exothermic), with e2; and 3) C(c) + O + O-*C(c) + O2 + 5.08
eV (exothermic), with e3. Reactions forming CO2 and those
between nitrogen species and graphite are neglected since they
are comparatively slower.2"6

Experimental results3'5'7'8'10"16 on e/ from the tests on
isotropic graphites (vs pyrolytic graphites) are summarized in
Fig. 1. The data of Olander et al.3'4 for two crystallographic
planes of pyrolytic graphite are included because the average
of the values of e / for the two crystallographic planes is ex-
pected to be comparable to the value for the isotropic
polycrystalline graphite. Except for the data by Rosner and
Allendorf , 7'8 which deviate from the rest for an unknown
reason, this group of graphites exhibits fairly consistent reac-
tion characteristics. In the present work, therefore, only this
group of materials is considered for the analysis. The choice is
made because a) these materials have been tested extensively,
b) they exhibit consistent reaction characteristics, and c) Eq.
(1), with which the present analysis is to be compared, also is
based on the data for these materials.

Figure 1 also shows the analytical expressions for the
material derived in Refs.l and 9, both normalized at 1 atm
where they are expected to be most accurate. In the present
work, an arbitrary third expression

(2)

is used to represent the isographite data. As seen in the figure,
the present formula approximates the experimental data more
closely than either of the two previous expressions.

In Fig. 2 the existing data2'5'7'8'17'19 for atomic oxygen are
shown for both pyrographites and isographites. As seen here,
the two types exhibit nearly the same reaction characteristics.
The data are approximated here by

(3)

(4)

The probability e3 is found by Berkowitz-Mattuck2 to be

for 1500< rH,<2500K. In the absence of any other data, Eq.
(4) is used over the entire temperature range in the present
work.
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Fig. 1 Reaction probability of isotropic graphites to molecular
oxygen,e/.

Using the above model, the boundary-layer equations were
solved to obtain heat-transfer rates. Air was assumed to reach
equilibrium at the edge of the stagnation-point boundary
layer, and to be frozen within the boundary layer.20 Viscosity
was approximated by /* = 6.27x 10 ~4( 772000)°75 poise, and
the Prandtl and Schmidt numbers were taken to be 0.7 and
0.5, respectively. lonization energy was treated as a com-
ponent of thermal energy.21 The heat-transfer rate was
equated to the radiated power in determining the wall tem-
perature. Emissivity of graphite was assumed to be 0.9.
Blowing effect was small, and hence was accounted for using
a linear blowing-effect model, the coefficient for which was
derived by the author through numerical solution of gov-
erning differential equations for conditions appropriate to the
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Fig. 2 Reaction probability of graphitic materials to atomic oxygen,
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Fig. 3 Stagnation-point ablation rates calculated by the present
method vs calculations by Eq. (1).
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Fig. 4 Integrated mass loss calculated by the present method vs
calculations by Eq. (1) for a skipping trajectory for transfer from
geosynchronous to space shuttle orbit.
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present environments. The calculation procedure is that
described in Ref. 20.

In Fig. 3, the ablation rates m-obtained by the present
method are shown for typical conditions and are compared
with those obtained using Eq. (1). As seen in the figure, the
present results agree closely with those of Eq. (1) for R = 10
cm, except for a narrow temperature range 1000< Tw< 1400
K where the difference in e/ values between Eqs. (1) and (2) in-
fluences the results. For the low-density, large-/? conditions,
the present calculations clearly predict greater ablation rates.
The increase is because of oxidation by atomic oxygen.

The integrated mass loss \rndt was calculated for a group of
flight trajectories. The trajectories considered start from the
geosynchronous orbit and enter the Earth's atmosphere many
times in a skipping motion, following near-elliptic, decaying
orbits. The calculations were made assuming zero lift and
were terminated when the sum of kinetic and potential
energies of the vehicle reached that of the space shuttle orbit.
The nose radius and the ballistic coefficients were taken22 to
be R = 426.5 cm and M/CdA=46.1 g/cm2, corresponding
roughly to a truncated hemisphere-cylinder of 426.5-cm
radius and 426.5-cm cylinder diameter with 10,000-kg mass
and drag coefficient of Cd=\.5. The orbit calculation was
performed under a simplifying assumption that the entries oc-
cur only in the Earth's equatorial plane from west to east. The
present results are compared in the figure with those
calculated by using Eq. (1). In applying Eq. (1), heat-transfer
rates and corresponding wall temperatures were calculated by
three different methods, i.e., the present model, Fay and Rid-
dell's23 high-limit value that assumes the chemical energy of
dissociation to be transmitted completely into the wall, and
the low-limit value that excludes the chemical energy.

As seen in Fig. 4, for the low-perigee, low number-of-pass
(i.e., steep) trajectories, the present calculation and those by
Eq. (1) are in excellent agreement. The agreement is expected
because the flow is in the diffusion-controlled regime where
the surface kinetics are immaterial. However, for high-
perigee, high number-of-pass (i.e., shallow) trajectories for
which surface kinetics are likely to be important, the present
calculation yields mass loss values much greater than Eq. (1),
i.e., up to three orders of magnitude, depending on the
method used for computing the heat-transfer rate. The dif-
ference is because of the surface oxidation by atomic oxygen.
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Thermocouple Time Constant
Measurement by Cross Power Spectra
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Introduction

THE measurement of fluctuating temperatures down-
stream of the combustor in turbopropulsion systems is

required to quantify the importance of entropy noise
generation in these systems.1-3 It is well known, however, that
most thermocouples suitable for use in such a hostile en-
vironment have response times considerably longer than
required for flat response in the audible frequency range.
Consequently, they must be compensated. Central to the com-
pensation problem is the problem of measuring the response
time of a given thermocouple, because it must be measured in
the environment which it will see in use. This is so because the
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